The strong discrepancy between local distance ladder and Cosmic Microwave Background (CMB) estimates of the Hubble constant H0 could be pointing towards new physics beyond the concordance ΛCDM model. Several attempts to address this tension through new physics rely on extended cosmological models, featuring extra free parameters beyond the 6 ΛCDM parameters. However, marginalizing over additional parameters has the effect of broadening the uncertainties on the inferred parameters, and it is often the case that within these models the tension is addressed due to larger uncertainties rather than a genuine shift in the central value of H0. In this paper I consider an alternative viewpoint: what happens if one chooses to fix the extra parameters to non-standard values instead of varying them? Focusing on the dark energy equation of state w and the effective number of relativistic species N eff , I find that fixing w ≈ −1.3 or N eff ≈ 3.95 leads to a high-redshift estimate of H0 in perfect agreement with the local distance ladder estimate, without broadening the uncertainty on the former. These two figures can have interesting implications for model-building activity. While such non-standard models are strongly disfavoured with respect to the baseline ΛCDM model, Bayesian evidence considerations show that they nonetheless perform surprisingly better than the corresponding extended models where w and/or N eff are allowed to vary, when reducing the H0 tension to the same level of statistical significance. Finally, I estimate dimensionless multipliers relating variations in H0 to variations in w and N eff , which can be used to swiftly repeat the analysis of this paper in light of future more precise local distance ladder estimate of H0, should the tension persist.
I. INTRODUCTION
The Hubble constant H 0 measures the current expansion rate of the Universe, and is undoubtedly one of the single most important cosmological observables [1] [2] [3] . While several methods for estimating H 0 exist, two in particular have been widely used in the literature. The first and more direct method relies on a classical distance ladder approach, by combining Cepheid period-luminosity relations with absolute distance measurements to local distance anchors, in turn used to calibrate distances to Type Ia Supernovae (SNeIa) host galaxies in the Hubble flow [4] [5] [6] . Applying this method to observations from the Hubble Space Telescope (HST) has provided one of the most precise estimates of H 0 to date, yielding H 0 = (73.24 ± 1.74) km s −1 Mpc −1 [6] . Alternatively, it is possible to extrapolate the value of H 0 from cosmological observations, notably measurements of temperature and polarization anisotropies in the Cosmic Microwave Background (CMB), eventually in combination with probes of the expansion history at lower redshift, such as Baryon Acoustic Oscillation (BAO) or SNeIa distance measurements. However, the positions of the acoustic peaks in the CMB anisotropy power spectrum essentially measure an angular scale re- * sunny.vagnozzi@fysik.su.se sulting from the projection of a physical scale (the sound horizon) at last-scattering (see e.g. [7] for a complete review). Extracting H 0 from CMB measurements requires assuming a model for the expansion history of the Universe both prior to and post last-scattering, making this estimate indirect and model-dependent. The usual approach is to assume an underlying ΛCDM model, featuring a cold dark matter (DM) component and a dark energy (DE) component in the form of a cosmological constant with equation of state (EoS) w = −1, and highly successful at describing a wide variety of lowand high-redshift precision cosmological observations [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Under this assumption, measurements of temperature and polarization anisotropies from the Planck satellite 2015 data release point towards a value of H 0 = (67.27 ± 0.66) km s −1 Mpc −1 [14] . The two independent estimates of H 0 are in tension with each other at a level > 3σ, making this so-called "H 0 tension" a fascinating problem for modern cosmology [18, 19] .
1 Several attempts to address this tension 1 At the time this project was initiated, the estimates in [6] and [14] were the most up-to-date local distance ladder and high-redshift measurements respectively. Subsequently, more up-to-date measurements have appeared on both sides (see e.g. [17, [20] [21] [22] ), which have actually resulted in the significance of the tension exceeding the 4σ level. In any case, the results of this work and the significance of the proposed approach would not change
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have been pursued in the literature, although no convincing resolution has been found to date. On the one hand, it is possible that either or both the Planck and HST measurements might suffer from systematics which have not been accounted for. Possible systematics in the Planck datasets have been studied in e.g. [23] [24] [25] [26] [27] , whereas analogous studies in the case of the HST measurements have been conducted for instance in [28] [29] [30] [31] [32] : in both cases, no obvious solution to the dilemma has been found (see also [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] ). It is worth pointing out the local measurements of H 0 alternative to those of [6] exist in the literature. However, most of these alternative measurements seem to consistently point towards values of H 0 significantly higher than the CMB estimate [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] (see however the recent study of [60] ). Future prospects of measuring H 0 from gravitational wave standard sirens are extremely bright and might help arbitrating the tension [61] [62] [63] .
Another perhaps more exciting possibility, widely pursued in recent years, is that the H 0 tension might be a sign of physics beyond the ΛCDM model. Some among the simplest possibilities in this sense involve invoking a phantom DE component (with EoS w < −1) or the presence of extra relativistic species in the early Universe (so that N eff > 3.046, where N eff is the effective number of relativistic species) [64, 65] . Several other possibilities have been considered in the literature, including but not limited to interactions between DM and DE, interactions between DM and some form of dark radiation, decaying DM, modified gravity, or an early DE component: see e.g. for what is inevitably an incomplete list of works examining these possibilities. Despite these considerable efforts, a compelling solution to the H 0 tension remains yet to be found. Several attempts to address the H 0 tension rely on extended cosmological models, e.g. [64, 65] . In other words, models where additional parameters whose values are usually fixed within the concordance ΛCDM model are instead allowed to freely vary. Examples of such parameters include the DE EoS w, the effective number of relativistic species N eff , the curvature density parameter Ω k , the sum of the neutrino masses M ν , and so on (see [146] for a full exploration of extended models with up to 12 free parameters). However, allowing additional parameters to vary most often results in larger uncertainties on the inferred cosmological parameters, including H 0 . The reason is that marginalizing over additional parameters inevitably broadens the posterior of all cosmological parameters, particularly if the latter are strongly correlated/degenerate with the additional parameters. As substantially if I were to use the more updated measurements in [17, [20] [21] [22] . Moreover, I have provided simple tools to estimate how much my results would change should one wish to take more updated local measurements of H 0 into account. These tools, to be discussed in Sec. IV, come in the form of dimensionless multipliers relating variations in H 0 to variations in other parameters, see in particular Eqs. (11, 12) . a result, within extended models oftentimes the Hubble tension is relaxed mostly because of an increase in the uncertainty on H 0 as inferred from CMB data, and not due to a genuine shift in the central value.
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While not a problem inherent to extended models themselves, it is also worth remarking that several works examining solutions to the H 0 tension through extended models do not explore whether the increased model complexity invoked to address the tension is actually warranted by a sufficient improvement in the fit to data. From a statistical perspective, this question can be addressed performing model comparison by computing the Bayesian evidence for the extended models and comparing it to that of a reference model (for instance ΛCDM).
Computing the Bayesian evidence has notoriously been computationally expensive, which is why several works have fallen back on more simplistic model comparison metrics (such as the Akaike or Bayesian information criteria). One final drawback is that many works attempting to address the H 0 tension in extended models simply combine high-redshift measurements (such as the CMB, BAO and SNeIa observations) with the local distance ladder H 0 measurement (usually in the form of a Gaussian prior), and estimate the inferred values for the additional free parameters. However, without prior knowledge of whether the high-redshift and local distance ladder measurements are consistent within the given model to begin with, such an operation is certainly questionable, if not dangerous altogether.
From the above discussion it is clear that, while attempts to address the H 0 tension through extended models certainly have many virtues, they do not come flawless. In view of these issues, it is my goal in this work to approach the question from a different angle, and put forward an alternative way of thinking of new physics solutions to the H 0 tension. For simplicity, I will focus on new physics in the form of either phantom dark energy (w < −1) or extra relativistic species (N eff > 3.046). The question I then aim to address is the following: what fixed non-standard values of w and N eff are required in order for the high-redshift estimate of H 0 to perfectly match the local distance ladder estimate, i.e. in order to reduce the tension to ≈ 0σ? The answer, as I will find in Sec. IV A, is w ≈ −1.3 and N eff ≈ 3.95. Note that this approach is very different from the standard one. Within the latter, I would vary either or both w and N eff , combine high-redshift CMB data with the local H 0 measurement, verify that the H 0 tension decreases in significance (possibly due to enlarged uncertainties), and finally infer w and N eff from this dataset combination.
Admittedly, this is a quite unorthodox approach to the problem, and is in some way a hybrid frequentistBayesian approach. However, it does come with a number of virtues. Firstly, because I am fixing the additional parameters instead of marginalizing over them, the uncertainty on H 0 will not increase significantly (if at all) with respect to its ΛCDM value. In other words, if a solution to the H 0 tension within such non-standard models is found, it will be due to a genuine shift in the central value of H 0 , and not to a larger error bar. Secondly, the fact that the number of free parameters in these nonstandard models remains the same as in ΛCDM might play in favour of the models themselves when computing the Bayesian evidence: the latter is in fact generally known to disfavour models with extra parameters, unless the improvement in fit is substantial enough to warrant the addition of the extra free parameters [147] [148] [149] [150] [151] . Finally, such an approach might be interesting from the model-building point of view. In fact, a wellmotivated particle physics model predicting w ≈ −1.3 or N eff ≈ 3.95 would be guaranteed to lead to a high-redshift estimate of H 0 in perfect agreement with the local distance ladder measurement, and thus these figures could potentially be interesting targets for model-building activity.
On the matter of model comparison, one can on very general grounds expect that in order to address the H 0 tension through the approach I propose, w and N eff would have to be fixed to rather non-standard values quite far from the standard w = −1 and N eff = 3.046. It is then interesting to additionally address the following two questions: is there a "sweet spot" between decrease in Bayesian evidence and reduction in the H 0 tension, i.e. are there values at which one can fix w and N eff which lead to a satisfactory reduction in the H 0 tension while at the same time not leading to a model which is strongly disfavoured against ΛCDM? The answer is in fact yes, as I will show in Sec. IV A: the curious reader might want to have a look at Fig. 2 and Fig. 5 for a visual representation of my findings, and to subjectively identify such a sweet spot. The second question I want to address is how the non-standard approach I propose compares to the standard lore of considering extended models. For concreteness, I will compare my approach to the case where w and/or N eff are allowed to freely vary, and show that the non-standard approach of fixing w and N eff actually performs surprisingly better from a statistical point of view.
The rest of this paper is then organized as follows. I present theoretical foundations necessary to understand the rest of the work in Sec. II: in particular, I explain why phantom dark energy or extra radiation can address the H 0 tension in Sec. II A, whereas I discuss simple measures to quantify the strength of the H 0 tension, before briefly discussing Bayesian evidence and model comparison, in Sec. II B. I discuss the data and methods used in this work in Sec. III, before presenting my results in Sec. IV. In particular, I show the results obtained fixing w and N eff to non-standard values in Sec. IV A, whereas I show the more standard results obtained allowing w and N eff to vary freely in Sec. IV B, before providing a critical comparison of the two approaches in Sec. IV C. Finally, I provide concluding remarks in Sec. V.
II. THEORY
Here, I briefly review possible ways of addressing the H 0 tension by introducing new physics, with focus on the issue of maintaining the angular scale of the acoustic peaks in the CMB fixed. In particular, I will show why a phantom dark energy component, or extra relativistic species in the early Universe, go in the right direction towards addressing the H 0 tension. I then move on to briefly discuss measures of tension and aspects of Bayesian model comparison which will be useful in this work.
A. Using new physics to solve the H0 tension Measurements of temperature anisotropies in the CMB have revealed a series of (damped) acoustic peaks. These acoustic peaks constitute the fingerprint of Baryon Acoustic Oscillations (BAOs): sound waves propagating in the baryon-photon plasma prior to photon decoupling, set up by the interplay between gravity and radiation pressure [152] [153] [154] [155] [156] . The first acoustic peak is set up by an oscillation mode which had exactly the time to compress once before freezing as photons decoupled shortly after recombination.
The first acoustic peak of the CMB carries the imprint of the comoving sound horizon at last-scattering r s (z ), given by the following:
where z ≈ 1100 denotes the redshift of last-scattering, H(z) denotes the expansion rate, and c s (z) is the sound speed of the photon-baryon fluid. For most of the expansion history prior to last-scattering, c s (z) ≈ 1/ √ 3, before dropping rapidly when matter starts to dominate.
Spatial temperature fluctuations at last-scattering are projected to us as anisotropies on the CMB sky. As a consequence, the first acoustic peak actually carries information on the angular scale θ s (usually referred to as the angular scale of the first peak), given by:
where D A (z ) is the angular diameter distance to the surface of last-scattering, given by:
Measurements of anisotropies in the temperature of the CMB, and in particular the position of the first acoustic peak (which appears at a multipole π/θ s ), accurately fix θ s . Therefore, any modification to the standard cosmological model aimed at solving the H 0 tension should not modify θ s in the process.
To make progress, let us express H(z) apppearing in Eqs. (1, 3) in a more convenient form. Let us first consider for simplicity the ΛCDM model. At early times, relevant for computing the sound horizon r s through Eq. (1), I can express the expansion rate as:
where Ω b , Ω c , and Ω γ are the density parameters of baryons, cold DM, and photons respectively (the latter essentially fixed by the temperature of the CMB), N eff is the effective number of relativistic species, whose value is fixed to N eff = 3.046 within the standard cosmological model [157, 158] . 3 In Eq. (4), I have found it convenient to work with the physical density param-
) the reduced Hubble constant). The reason is that early Universe measurements, and in particular the ratio between the heights of even and odd acoustic peaks in the CMB, as well as the overall height of all peaks, are extremely sensitive to ω b and ω c rather than Ω b and Ω c . Therefore, when considering the effect of new physics at early times affecting the sound horizon r s , it is convenient to keep ω b and ω c fixed.
On the other hand, late-time measurements (such as BAO or SNeIa distance measurements) are very sensitive to the density parameter Ω m = Ω b + Ω c + Ω ν (which includes the contribution of baryons, cold dark matter, and massive neutrinos), although not at the same level as that to which the CMB is sensitive to ω b and ω c (in other words, there is more freedom in altering Ω m than there is in altering ω b and ω c ). 4 With this in mind, at late times, relevant for computing the angular diameter distance D A (z ) through Eq. (3), it is convenient to express the expansion rate as (note that I am implicitly assuming a flat Universe):
3 Note that this value was recently updated to N eff = 3.045 in [159] . Since current cosmological data does not have possess the sensitivity required to distinguish a change ∆N eff ≈ 0.001, I will stick to the standard value N eff = 3.046, in order to conform to previous literature. 4 In the rest of this work, I will fix the sum of the neutrino masses to Mν = 0.06 eV, the minimum mass allowed within the normal ordering, given the current very tight upper limits on Mν [17, 76, [160] [161] [162] [163] [164] [165] [166] [167] , which also mildly favour the normal ordering [76, [168] [169] [170] [171] [172] [173] [174] [175] [176] . Allowing the neutrino mass to vary would not affect my results.
The name of the game if I want to address the H 0 tension is then the following: I we alter either the early [Eq. (4) (1), by increasing the early-time expansion rate while leaving the late-time expansion rate unchanged. In fact, it is known that the H 0 tension can be recast as a mismatch in the sound horizon [65, 119] , which should be reduced by ≈ 5% in order to remove the tension. One way of reducing r s is to raise N eff in Eq. (4) beyond its canonical value of 3.046. 5 This has the effect of leaving D A (z ) unchanged (since the latetime expansion rate is unaffected), which however leads to θ s decreasing (since r s has decreased, but D A has been left unchanged). To restore θ s to its inferred value, I need to increase H 0 in Eq. (5), in such a way as to decrease D A (z ) proportionally to r s (z ). Therefore, allowing for extra relativistic components in the early Universe and hence raising N eff results in a higher inferred value of H 0 .
Another possibility, however, is to decrease the latetime expansion rate while leaving the early-time expansion rate unchanged. This operation will leave r s (z ) unaltered, while increasing D A (z ). I then need to (re)-decrease D A (z ) in order to keep θ s unchanged, and this can be achieved by increasing H 0 . How can I decrease the late-time expansion rate without changing Ω m ? From Eq. (5) (6) which can also easily be generalized to the case where a dynamical DE component is present, i.e. a DE component whose EoS is time-varying. Comparing Eq. (5) and Eq. (6), it is clear that considering a phantom dark energy component (i.e. one with w < −1) will lower the expansion rate in the past with respect to the case where the dark energy is in the form of a cosmological constant. 6 It is worth noting that phantom DE components are generally problematic from a theoretical perspective, as they violate the strong energy condition. It 5 
It is worth mentioning well-motivated extensions of the Standard
Model of Particle Physics in fact predict forms of dark radiation (for instance hidden photons, sterile neutrinos, thermal axions, and so on) [177] , which would raise N eff above its standard value of 3.046: see e.g. [178] [179] [180] [181] [182] [183] [184] [185] [186] [187] [188] [189] [190] [191] [192] [193] [194] [195] [196] [197] for examples of such models. 6 On the contrary in the future, i.e. for z → −1, the energy density of a phantom component is larger than that of a cosmological constant with the same density parameter. Note that a more drastic possibility for lowering the late-time expansion rate is to allow for negative energy density in the dark energy sector (a possibility pursued for instance in [198] ). This possibility might actually be motivated from a string theory perspective, given the is generically hard to construct phantom models which are fully under control, although it is possible to construct effective phantom components which are theoretically well-behaved (for instance within modified gravity theories), see e.g. [209] [210] [211] [212] [213] [214] [215] [216] [217] [218] . In summary, in this section I have explained how purported solutions to the H 0 tension involving new physics should lead to a higher inferred value of H 0 without altering the angular scale of the first peak θ s . Two simple ways for achieving this goal are to increase the expansion rate at early times by increasing N eff (which decreases r s (z ) while leaving D A (z ) unchanged, requiring therefore an increase in H 0 to keep θ s fixed), or to decrease the expansion rate at late times by considering a phantom dark energy component with w < −1 (which leaves r s (z ) unchanged while increasing D A (z ), requiring therefore an increase in H 0 in order to keep θ s fixed).
B. Measures of tension and Bayesian evidence
I now move on to discuss simple ways to quantify the degree of tension between different estimates of H 0 . Let me denote the high-redshift estimate and its uncertainty by H cosmo 0 and σ cosmo respectively, whereas I denote the local distance ladder estimate and its uncertainty by H local 0 and σ local respectively. Then, the simplest and most intuitive measure of the degree of tension, used in the majority of works examining the H 0 tension, is in terms of number of standard deviations #σ, computed as:
The #σ measure defined in Eq. (7) provides a rather intuitive quantification of the degree of tension between two different inferred values of H 0 . Furthermore, it is essentially equivalent to the 1D distance measure used in [219, 220] to examine the σ 8 tension. Notice however that the #σ measure of tension inherently assumes Gaussian posteriors for both the high-redshift and local distance ladder estimates of H 0 , and ignores possible tensions in other parameter projections. The #σ measure can also overestimate the tension if strong degeneracies in other parameter dimensions are present.
While the #σ measure is a simple and reasonable zeroth-order measure of tension, there are reasons to prefer alternative measures of tension, as argued in [221] . In particular [221] introduces a so-called index of inconsistency (IOI). Let us consider two datasets denoted by 1 and 2. Let us further consider analysing these two datasets within the context of a given model, and inferring mean parameter vectors µ (1) and µ (2) and covariance matrices C (1) and
, the IOI is defined as:
In the work in question, we are actually interested in quantifying the tension in a single parameter, i.e. H 0 . In this case, Eq. (8) simplifies considerably and reduces to:
We clearly see that the IOI is closely related to the more intuitive #σ measure defined in Eq. (7), with the relation between the two being IOI = (#σ) 2 /2. As argued in [221] , the IOI measures the combined difficulty of each distribution to support/favour the mean of the joint distribution.
In [221] , besides introducing the IOI, the authors also provide an empirical scale (inspired by the Jeffreys' scale, and calibrated to the visual separation between different likelihood contours corresponding to different IOI values) to qualify the degree of tension between two datasets given a certain value of IOI. I report this scale in Tab. I.
IOI
Strength of inconsistency
Strong inconsistency TABLE I. Scale used to qualitatively interpret the degree of tension between two datasets based on the measured index of inconsistency (IOI), as provided in [221] .
In this work, I will quantify/qualify the tension between the CMB and local determinations of H 0 using both the #σ measure of Eq. (7) and the IOI as defined in Eq. (8), as well as the scale presented in Tab. I. For further discussions on the utility of the IOI as a measure of tension, and advantages compared to other types of measures, I refer the reader to [221] . See also [222] [223] [224] [225] [226] for works proposing alternative measures of tension.
Finally, as I discussed in Sec. I, a significant part of this work will be devoted to computing the Bayesian evidence (with respect to ΛCDM) of the alternative models I take into consideration for addressing the H 0 tension. Let us consider a dataset x and two different models M i and M j , described by the parameters θ i and θ j . The two models do not necessarily have to be nested. In fact, in most of the cases I will consider, one model cannot even be recovered as a particular limit of the other. If I assume equal prior probabilities for the two models, the Bayes factor of model M i with respect to model M j , B ij , is given by:
where π(θ i |M i ) is the prior for the parameters θ i and L(x|θ i , M i ) is the likelihood of the data given the model parameters θ i . A Bayes factor B ij > 1 (or equivalently ln B ij > 0) indicates that model M i is more strongly supported by data than model M j .
As with the IOI, the degree of preference corresponding to a certain model with respect to a reference model (usually chosen to be ΛCDM) can be qualitatively assessed once ln B ij is computed. The Jeffreys scale is a well known example of scale used for performing a qualitative assessment of model preference based on the value of ln B ij [227] . In this work, I will use the revised version of Kass & Raftery [228] , reported in Tab. II.
ln Bij
Strength of preference for model Mi 
III. DATASETS AND ANALYSIS METHODOLOGY
In the following, I described the datasets I use and the methods used to analyze them. I consider a combination of cosmological datasets given by the following:
• Measurements of temperature and polarization anisotropies, as well as their cross-correlations, from the Planck 2015 data release [14] . In particular, I use a combination of the high-TT likelihood, the low-TT likelihood based on maps recovered with Commander, and polarization data in the low-likelihood. The data is analyzed using the publicly available Planck likelihood [229] . I refer to this dataset as "CMB" (note that this dataset is frequently referred to as PlanckTT +lowP in the literature). Notice that I do not make use of the high-polarization likelihood, as the Planck collaboration advises caution on the matter given that their 2015 small-scale polarization measurements might still be contaminated by systematics (such as temperature-polarization leakage).
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• Baryon Acoustic Oscillation (BAO) distance measurements from the Six-degree Field Galaxy Survey (6dFGS) [230] , the main galaxy sample of the Sloan Digital Sky Survey Data Release 7 (SDSS-MGS) [231] , and the Baryon Oscillation Spectroscopic Survey Data Release 12 (BOSS DR12) [15] . I refer to this dataset as "BAO".
• Luminosity distance measurements from the Pantheon Supernovae Type-Ia (SNeIa) catalogue [30] . I refer to this dataset as "SNe".
The combination of the CMB, BAO, and SNe datasets is referred to as cosmo, to reflect the fact that these are cosmological datasets from which H 0 can be estimated following an inverse distance ladder approach (see for instance [61, 65, [232] [233] [234] [235] [236] [237] [238] [239] ), in contrast to the distance ladder approach adopted for the local determination of H 0 . Using the cosmo dataset, I estimate H 0 and compare it to the local determination from the Hubble Space Telescope (HST) which yields H 0 = (73.24 ± 1.74) km s
As per my discussion in Sec. I and Sec. II, I will consider classes of cosmological models where selected parameters (w and N eff ) are fixed to non-standard values. The rationale is that by considering non-standard values for these parameters instead of allowing them to vary freely, it is in principle possible to identify a model which is potentially preferred (or at least not strongly disfavoured) with respect to the baseline ΛCDM model from the Bayesian evidence point of view, given that the Bayesian evidence tends to disfavour models with additional free parameters unless the improvement in fit is high enough.
With the above considerations in mind, I consider the following models:
7 At the time this project was initiated, the 2019 legacy Planck likelihood was not yet available. The new likelihood is expected to be publicly released shortly after this work will appear on arXiv. At any rate, I expect the qualitative and most of the quantitative conclusions reached in this work to be unchanged if I were to use the 2019 legacy Planck likelihood, so for simplicity I have chosen not to repeat the analysis using the new likelihood. 8 At the time this project was initiated, the H 0 measurement in [6] was among the most recently available ones. Subsequently, more updated local measurements of H 0 have become available [20, 22] , which have actually worsened the H 0 tension. In any case, the conclusions reached in this work would only be mildly affected if I were to compare the H 0 estimate from the cosmo dataset with the more updated local measurements in [20, 22] . In any case, I have provided simple tools (to be discussed shortly below) to estimate how much my results would change should one wish to take the measurements of H 0 in [22] , or more updated measurements, into account. For more details, see Eqs. (11, 12) .
• As baseline model, I consider the concordance ΛCDM model, described by the usual 6 cosmological parameters: the baryon and cold DM physical density parameters ω b and ω c , the angular size of the sound horizon at last-scattering θ s , the amplitude and tilt of the primordial power spectrum of scalar fluctuations A s and n s , and the optical depth to reionization τ . Notice that within this model the DE EoS is fixed to w = −1 and the effective number of relativistic species is fixed to N eff = 3.046.
• I then consider a class of models, denoted by wCDM, which are described by 6 free parameters exactly as ΛCDM but where I fix w to non-standard values. Following my earlier discussion in Sec. II A, in order to raise H 0 I fix w to non-standard values in the phantom regime, i.e. the region of parameter space where w < −1. Notice that this model is also described by 6 free parameters.
• I finally consider a class of models, denoted by N ΛCDM, which are described by 6 free parameters exactly as ΛCDM but where I fix N eff to non-standard values such that N eff = 3.046. Following my earlier discussion in Sec. II A, in order to raise H 0 I fix N eff to non-standard values such that N eff > 3.046, i.e. I allow for extra relativistic species in the early Universe. Notice that this model is also described by 6 free parameters.
In addition, I also wish to compare this non-standard approach to the usual approach wherein extended models (with additional parameters varying) are considered. Therefore, at a later stage I also consider the following extended models:
• The ΛCDM+w model, where the equation of state of dark energy w is varied in addition to the 6 ΛCDM parameters. This model is described by 7 free parameters.
• The ΛCDM+N eff model, where the effective number of relativistic degrees of freedom N eff is varied in addition to the 6 ΛCDM parameters. This model is described by 7 free parameters.
• The ΛCDM+w+N eff model, where both the equation of state of dark energy w and the number of relativistic degrees of freedom N eff are varied in addition to the 6 ΛCDM parameters. This model is described by 8 free parameters.
For the reader's convenience, I provide a summary of the models considered in this work (along with a full descriptions of their free parameters) in Tab. III. I sample the posterior distributions of the parameters describing the above models by using Markov Chain Monte Carlo (MCMC) methods. The chains are generated through the cosmological MCMC sampler CosmoMC [240] , and their convergence is monitored through the Gelman-Rubin parameter R − 1 [241] [242] , where the possibility of estimating the Bayesian evidence directly from MCMC chains has been considered, resulting in the development of a method which is computationally considerably less expensive than earlier ones.
The method put forward in [242] estimates the Bayesian evidence using kth nearest neighbour distances between the MCMC samples, with distances computed using the Mahalanobis distance (which uses the covariance matrix of the parameters as metric). Since nearest neighbour distances depend on the local density of points in parameter space, they allow for the estimation of the overall normalization of the posterior distribution (in other words, the constant relating the number density of MCMC samples to the target density), which is required to estimate the Bayesian evidence. I compute the Bayesian evidence through the method proposed in [242] using the publicly available MCEvidence code. 9 The values of ln B ij I obtain are then used to qualify the strength of the preference for the baseline ΛCDM model using the modified Jeffreys scale reported in Tab. II.
IV. RESULTS AND DISCUSSION
In the following, I discuss the results obtained using the methods and datasets described in Sec. II and Sec. III. I begin in Sec. IV A by discussing how the H 0 tension is reduced within the non-standard wCDM and N ΛCDM models, and how much these models are disfavoured compared to ΛCDM depending on the fixed values of w and N eff . I then proceed in Sec. IV B by comparing these results to the more common approach of considering extended models (and in particular the ΛCDM+w, ΛCDM+N eff , and ΛCDM+w+N eff models).
A. Fixing w and N eff to non-standard values I begin by considering the baseline ΛCDM model where w and N eff are fixed to their standard values of −1 and 3.046 respectively. Within this model, the high-redshift value of H 0 inferred from the cosmo (CMB+BAO+SNe) dataset is H 0 = (67.7 ± 0.6) km s −1 Mpc −1 . Comparing this value to the local distance ladder determination from HST [6] , I find that the level of tension between the two, computed using Eq. (7), is #σ ≈ 3.0. The index of inconsistency, computed using Eq. (8), is IOI ≈ 4.5. According to the scale of [221] reported in Tab. I, this value indicates a moderate level of inconsistency.
I then move on to the wCDM class of models, where the DE EoS w is still fixed, albeit to non-standard values such that w < −1 (see Tab. III). The rationale, as explained in Sec. II, is that one of the simplest possibilities for addressing the H 0 tension is by invoking a phantom DE component. For concreteness, I have considered 6 cases where w is fixed to the values −1.05, −1.1, −1.15, −1.2, −1.25, and −1.3 respectively. The normalized posterior distributions for the high-redshift estimate of H 0 obtained using the cosmo CMB+BAO+SNe dataset combination for these 6 models are shown in Fig. 1 (including the ΛCDM case where w = −1). Overlain on the same figure is the 1σ region determined by the local distance ladder measurement of HST [6] , corresponding to the green shaded area.
I find that when fixing w = −1.3, the high-redshift estimate of H 0 inferred from the CMB+BAO+SNe dataset combination is H 0 = (73.2 ± 0.7) km s line ΛCDM model. This is expected, given that I am not varying w and hence not marginalizing over it, which would have resulted in a broadening of the constraints on the other parameters. Therefore, barring model comparison considerations (which I will address shortly below), within the wCDM model with w ≈ −1.3, the H 0 tension is genuinely addressed due to a shift in the mean value of H 0 , and not due to a significantly larger uncertainty (as often happens in extended models).
Moving on to model comparison considerations, one expects that as w moves away from its standard cosmological constant value w = −1, the Bayesian evidence for the corresponding non-standard wCDM model decreases: in other words, the support for the wCDM model with respect to ΛCDM should decrease. To quantify this decrease in support, I have computed ln B ij , with the two competing models being M i = wCDM and M j = ΛCDM respectively, and made use of the scale in Tab. II to interpret the strength of the support for ΛCDM. Given the definition of ln B ij and the choice of models i and j, a preference for ΛCDM would be reflected in a value of ln B ij < 0.
I find, as expected, that Bayesian evidence model comparison considerations always favour ΛCDM since ln B ij < 0 over all the range of w parameter space considered. In particular, I find that for −1.07 w −1, ΛCDM is weakly preferred over wCDM, while the preference becomes definite for −1.14 w −1.07, strong for −1.18 w −1.14, and very strong for w −1.18. For w = −1.3 (which as we saw earlier leads to the highredshift estimate of H 0 agreeing perfectly with the local distance ladder estimate) I find ln B ij = −14.9.
A graphical representation of the results discussed so far for the wCDM model is shown in Fig. 2 and Fig. 3 . In Fig. 2, I plot − ln B ij (left y-axis, blue dashed line, note that − ln B ij which is a positive quantity is being plotted!) and the tension measured in #σ (right yaxis, red dot-dashed line) as a function of the fixed value of w in the wCDM class of models. The figure shows how the tension measured in #σ rapidly decreases as w moves towards −1.3, at the cost however of adopting a model which is significantly disfavoured with respect to ΛCDM (as quantified by the rapidly increasing value of − ln B ij ). From the same figure we see that, even accepting a wCDM model which is weakly disfavoured with respect to ΛCDM (blue shaded region, − ln B ij < 1), the tension cannot be reduced below the 2σ level. Similarly, even accepting a wCDM model which is definitely disfavoured with respect to ΛCDM (pink shaded region, − ln B ij < 3), the tension can at best be brought down to the 1.5σ level (which however some might argue is good enough for the H 0 tension to be considered solved).
As one sees from the red dot-dashed curve in Fig. 2 , as well as the shift in the mean of the posterior distributions in Fig. 1, H 0 responds approximately linearly to changes in w when the latter is fixed. In other words, consider a wCDM model, and define ∆w ≡ w + 1 to be the variation in (the fixed value of) w from the cosmological constant value of w = −1. Then, at least for the CMB+BAO+SNe dataset combination, the variation in the central value of H 0 from its ΛCDM value, ∆H 0 (in units of km s −1 Mpc −1 ), should be approximately linearly related to ∆w: ∆H 0 ≈ m w ∆w, where m w is a quantity frequently referred to in the literature as dimensionless multiplier, relating variations in different parameters due to a fundamental degeneracy between the two. From my earlier results I numerically estimate m w ≈ −18.5, and therefore:
The value −18.5 is essentially a reflection of the direction and strength of the H 0 -w correlation, which I will later show in Fig. 7 . The relation in Eq. (11) is useful especially in light of the fact that local distance ladder measurements of H 0 are continuously updated to reflect improvements in analyses techniques. However, Eq. (11) can always be used to estimate the required fixed value of w to restore agreement with the updated local measurement. For instance, if I were to use the more updated measurement of [22] which yields H 0 = (74.22±1.82)km s −1 Mpc −1 , using Eq. (11) I would find that it is necessary to fix w ≈ −1.35 in order to restore perfect agreement between the high-redshift and local measurements of H 0 , i.e. a slightly more phantom value compared to what was required for the earlier measurement of [6] which I took as baseline measurement in this work. Of course, the coefficient −18.5 in Eq. (11) is specific for the CMB+BAO+SNe dataset combination, and should eventually be updated if future high-redshift data were to be used, which might change the direction and strength of the correlation in question.
In Fig. 3, I plot the index of inconsistency as a function of the fixed value of w in the wCDM class of models. One sees that for −1.07 w −1, the inconsistency between the high-redshift and local measurements is moderate, whereas the inconsistency becomes weak for −1.15 w −1.07 and insignificant for −1.3 w −1.15. (8)] as a function of w, when the latter is fixed to non-standard values in the phantom region (w < −1) within the wCDM model (see Tab. III for further details). The scale of [221] used to quantify the strength of the inconsistency is reflected in the colored regions (blue: no significant inconsistency; pink: weak inconsistency; green: moderate inconsistency; grey: strong inconsistency), see Tab. I for further details.
I now perform a totally analogous analysis within the N ΛCDM model, where I fix N eff to non-standard values such that N eff > 3.046 (see Tab. III). The rationale, as explained in Sec. II, is that the other simple possibility for addressing the H 0 tension besides invoking a phantom dark energy component is to allow for extra radiation in the early Universe. For concreteness, I have considered 5 cases where N eff is fixed to the values 3.15, 3.35, 3.55, 3.75, and 3.95 respectively. The normalized posterior distributions for the high-redshift estimate of H 0 obtained using the cosmo CMB+BAO+SNe dataset combination are shown in Fig. 4 (including the ΛCDM case where N eff = 3.046). Overlain on the same figure is the 1σ region determined by the local distance ladder measurement of HST [6] , corresponding to the green shaded area.
I find that when fixing N eff = 3.95, the high-redshift estimate of H 0 inferred from the CMB+BAO+SNe dataset combination is H 0 = (73.1 ± 0.6) km s IOI ≈ 0. In this case, the uncertainty on the high-redshift estimate of H 0 is as small as that obtained for the baseline ΛCDM model, analogously to what we observed when fixing w = −1.3, meaning that the H 0 tension is addressed (again barring model comparison considerations to be addressed shortly) due to a genuine shift in the mean value of H 0 and not an increase in the error bars. Note that the obtained values of N eff is rather high and implies an almost fully thermalized extra relativistic species. Intriguingly, a series of reactor anomalies are hinting to the possible existence of eV-scale sterile neutrinos whose large mixing angle would lead to almost complete thermalization (i.e. N eff ≈ 4), see e.g. [243] [244] [245] [246] [247] : such a scenario is certainly interesting in light of my findings and would be worth exploring further.
Analogously to what I did for the wCDM model, I now compute ln B ij , with the two competing models being M i = N ΛCDM and M j = ΛCDM respectively, meaning that a preference for ΛCDM is reflected in a value of ln B ij < 0. The results I find are quite similar to those for the wCDM model, with a small twist. In the range 3.046 N eff 3.25, the evidence for the N ΛCDM model is actually slightly higher than that of ΛCDM, and reaches a maximum for N eff ≈ 3.15, with ln B ij ≈ 0.2. Given that according to the scale in Tab. II a value of ln B ij ≈ 0.2 indicates only a weak preference for the N ΛCDM model, I choose not to discuss this feature further. 10 For N eff 3.25, ΛCDM is always favoured over the N ΛCDM model from the point of view of Bayesian evidence. In particular, I find that the preference is weak for 3.25 N eff 3.5, definite for 3.5 N eff 3.75, and strong for 3.75 N eff 3.9. For larger values, the preference for ΛCDM becomes very strong. For w = 3.95 (which as we saw earlier leads to the high-redshift estimate of H 0 agreeing perfectly with the local distance ladder estimate) I find ln B ij = −5.5.
The results discussed above are visually summarized in Fig. 5 and Fig. 6 (completely analogous to their counterparts for the wCDM model, Fig. 2 and Fig. 3 ). Fig. 5 shows how the tension measured in #σ rapidly decreases as N eff moves towards 3.95, at the cost however of adopting a model which is disfavoured with respect to ΛCDM (as quantified by the rapidly increasing value of − ln B ij , except within the region 3.046 N eff 3.25 where the N ΛCDM model is actually weakly favoured). In general, the results for the N ΛCDM model are slightly more encouraging than for the wCDM model. In fact, from the same figure we see that accepting a N ΛCDM model which is weakly disfavoured with respect to ΛCDM (blue shaded region, − ln B ij < 1), the tension can be brought almost to the 1.5σ level (which depending on personal taste might be enough for the H 0 tension to be considered solved), whereas accepting a N ΛCDM model which is definitely disfavoured with respect to ΛCDM (pink shaded region, − ln B ij < 3), the tension can be brought down to the 0.8σ level. 10 This slight preference for an N ΛCDM model with N eff = 3.15 might well be due to the fact that Planck temperature and large-scale polarization data alone appear to favour a value of N eff slightly higher than the canonical 3.046 (see [14] where N eff = 3.13 ± 0.32 from the PlanckTT +lowP dataset combination is reported). This preference disappears when small-scale polarization data is included, especially because small-scale polarization data helps breaking various parameter degeneracies involving N eff , and consequently leads to a better determination of this parameter. However, in this work I have made the conservative choice of not including small-scale polarization data, because of possible residual systematics in the 2015 Planck dataset (see Sec. III). Analogously to what I did for the wCDM model, I can estimate the dimensionless multiplier relating variations in H 0 to variations in the fixed value of N eff , which reflects the direction and strength of the H 0 -N eff correlation, which I will later show in Fig. 8 : ∆H 0 ≈ m N ∆N eff . I numerically estimate m N ≈ 6.2, and hence:
As with Eq. (11), Eq. (12) is useful in light of continuous updates in the local distance ladder measurement of H 0 . For instance, using the latest value of H 0 reported in [22] and Eq. (12), I find that it is necessary to fix N eff ≈ 4.1 in order to restore perfect agreement between the highredshift and local measurements of H 0 . Again, the caveat is that the coefficient 6.2 should be updated if future CMB, BAO, or SNe datasets are used. In Fig. 3, I plot the index of inconsistency as a function of the fixed value of N eff in the N ΛCDM class of models. One sees that for 3.046 N eff 3.25, the inconsistency between the two measurements is moderate, whereas the inconsistency becomes weak for 3.25 N eff 3.55 and insignificant for 3.55 N eff 3.95.
In conclusion, in this part of the work I have examined the possibility of addressing the H 0 tension by fixing w and N eff to non-standard values within the wCDM and N ΛCDM models. I have found that it is not possible to completely remove the tension (i.e. obtain a high-redshift estimate of H 0 that is in perfect agreement with the local distance ladder estimate) without incurring in a model which is strongly disfavoured against ΛCDM from a Bayesian evidence standpoint. In particular, the H 0 tension is completely removed when fix-
, leading however to two models which are both strongly disfavoured from the Bayesian evidence standpoint with respect to ΛCDM (ln B ij = −14.9 and ln B ij = −5.5 respectively). Strong inconsistency FIG. 6 . As in Fig. 3 but for the N ΛCDM model.
B. Extended models
How does my non-standard approach adopted so far compare to the more standard approach where extended models with additional free parameters are considered? Notice that within the standard approach typically a prior on H 0 consistent with the local distance ladder measurement is also added to the standard high-redshift data. This contributes to "pushing" H 0 towards higher values, further reducing the H 0 tension. However, it is not always clear whether including such a prior is a consistent and legitimate operation to begin with.
To address this question, I consider the three extended models described in Sec. III: ΛCDM+w, ΛCDM+N eff , and ΛCDM+w+N eff .
I estimate H 0 within these three models by combining the cosmo CMB+BAO+SNe dataset with a prior on H 0 consistent with the local distance ladder measurement of [6] . I compare the value inferred for H 0 to its local distance ladder value, and assess the statistical preference (if any) for these extended models against ΛCDM by computing their Bayesian evidence.
11
I begin by considering the one-parameter ΛCDM+w extension where I allow the dark energy equation of state w to vary freely.
Considering the cosmo CMB+BAO+SNe dataset in combination with a prior on H 0 based on the local distance ladder measurement, I infer H 0 = (69.4 ± 1.0) km s −1 Mpc −1 . On the other hand, I find a value of the dark energy equation of state of w = −1.06 ± 0.04, which lies in the phantom regime at > 1σ. This is expected, given that the prior on H 0 11 Note that a fair comparison with ΛCDM should be made using the same datasets. In other words when computing ln B ij using MCEvidence, the ΛCDM MCMC chains I utilize are obtained combining the cosmo CMB+BAO+SNe dataset with the same prior on H 0 .
tends to "pull" w within the phantom regime, due to the strong anti-correlation between H 0 and w I extensively discussed in Sec. II. In Fig. 7 I show the 2D joint and 1D marginalized posterior distributions of H 0 and w, which clearly show the strong anti-correlation between the two parameters.
1.20 1.04 w We see that within the ΛCDM+w model, the tension with the local measurement of H 0 is reduced to the level of ≈ 1.9σ, but not completely removed. As anticipated earlier, this reduction is partially attributable to the increase in error bar due to the extended parameter space (i.e. marginalizing over the extra parameter w), and not to a genuine shift in the central value of the posterior of H 0 (as in the case of the wCDM model when fixing w = −1.3), which has only moved up to H 0 = 69.4 km s −1 Mpc −1 . When comparing this model against ΛCDM, I find that ln B ij = −5.3, corresponding to a very strong preference for ΛCDM.
I now repeat this analysis within the ΛCDM+N eff model, where I allow the effective number of relativistic species N eff to vary freely. Combining the cosmo CMB+BAO+SNe dataset with the local H 0 prior, I find H 0 = (70.3 ± 1.2) km s −1 Mpc −1 and N eff = 3.43 ± 0.19, which corresponds to a ≈ 2σ detection of extra relativistic degrees of freedom, again expected given the strong correlation between H 0 and N eff discussed in Sec. II (see also the triangular plot in Fig. 8 ). As in the ΛCDM+w case, the tension with the local distance ladder measurement of H 0 is reduced (this time to the level of ≈ 1.4σ), but not completely removed, and this is again partially attributable to the increase in error bar due to the extended parameter space. Moreover, Bayesian evidence considerations again disfavour the ΛCDM+N eff model with respect to ΛCDM. In fact, I find ln B ij = −4.6, corresponding to a strong preference for ΛCDM.
I finally consider the two-parameter extension ΛCDM+w+N eff , where I allow both the dark energy equation of state w and the effective number of relativistic degrees of freedom N eff to freely vary. Combining the cosmo CMB+BAO+SNe dataset with the local prior on H 0 , I find H 0 = (70.3 ± 1.2) km s −1 Mpc −1 , w = −1.01 ± 0.05, and N eff = 3.40 ± 0.24. This time, both w and N eff are consistent with their standard values of w = −1 and N eff within 2σ (see also the triangular plot in Fig. 9 ).
Within the ΛCDM+w+N eff model, the tension with the local measurements of H 0 is reduced to the level of ≈ 1.4σ, but once more the reduction is partially attributable to the increase in error bar due to marginalization over two extra parameters. Bayesian evidence considerations also disfavour this model with respect to the baseline ΛCDM model. In fact, I find ln B ij = −6.5, which indicates a very strong preference for ΛCDM.
C. Discussion
I will now provide a critical discussion of the results obtained in Sec. IV A and Sec. IV B, comparing the two approaches towards addressing the H 0 tension: fixing w and N eff to non-standard values versus considering extended models. A visual comparison of the posterior distributions for 6 representative cases discussed earlier is presented in Fig. 10 , alongside the 1σ region for H 0 based on the local distance ladder measurement. As is very clear from the figure, the three extended models considered in Sec. IV B only partially address the tension, mostly through a broadening of the posterior distribution due to marginalization over 1 or 2 additional parameters (and partially helped by including a prior on H 0 based on the local distance ladder value, which contributes to "pulling" the value of H 0 up). On the other hand, the wCDM model with w = −1.3 and the N ΛCDM model with N eff = 3.95 genuinely address the tension by shifting the posterior distribution to overlap with the local distance ladder measurements. However, for both the extended and non-standard models, all of this comes at the price of considering models which are strongly disfavoured against ΛCDM from the Bayesian evidence point of view. , the ΛCDM+w one-parameter extension of ΛCDM where w is free to vary (red curve), the ΛCDM+N eff oneparameter extension of ΛCDM where N eff is free to vary (dark blue curve), and the ΛCDM+w+N eff two-parameter extension of ΛCDM where both w and N eff are free to vary (green curve). The green shaded region is the 1σ credible region for H0 determined by the local distance ladder measurement of HST [6] , yielding H0 = (73.24 ± 1.74) km s −1 Mpc −1 . The former three posteriors are obtained using the cosmo CMB+BAO+SNe dataset combination, whereas the latter three include in addition a Gaussian prior on H0 based on the local distance ladder measurement, which further helps pulling the posteriors towards higher values of H0. Within the wCDM model with w = −1.3 and the N ΛCDM model with N eff = 3.95, the high-redshift estimateis in complete agreement with the local distance ladder measurement (i.e. the tension is brought down to 0σ), whereas within the three extended models the tension is only partially addressed, and partly due to an increase in the uncertainty.
Within the wCDM and N ΛCDM models, it is not possible to lower the H 0 tension at a level 1σ while at the same time dealing with a model which is not strongly disfavoured against ΛCDM from a Bayesian evidence point of view. My analysis also reveals that the situation is somewhat less dramatic when fixing N eff rather than w to non-standard values (see, for instance, the difference ∆ ln B ij ≈ 10 between the values of ln B ij obtained when fixing w = −1.3 versus N eff = 3.95, and discussed above). The reason is that low-redshift measurements of the expansion history (BAO and SNe) exquisitely fix the dark energy equation of state to be very close to that of a cosmological constant, leaving very little freedom in modifying the late-time dynamics and in particular the equation of state of dark energy without incurring into a bad fit to the data. On the other hand, there is significantly more freedom available in modifying the early expansion history through N eff which is unconstrained by low-redshift data (recall that in addition I have made the conservative choice of not including small-scale polarization data, which would help constraining N eff but could still be contaminated by systematics).
Concerning the 3 extended models I considered (ΛCDM+w, ΛCDM+N eff , and ΛCDM+w+N eff ), one sees that all 3 are strongly/very strongly disfavoured with respect to ΛCDM, yielding ln B ij = −5.3, ln B ij = −4.6, and ln B ij = −6.5 respectively. Aside from not being able to satisfactorily solve the H 0 tension, the three models are penalized by the presence of extra parameters, which are not justified by the improvement in fit.
One interesting point of discussion could then be the following. Let us assume we are willing to tolerate a certain amount of residual tension between the two measurements of H 0 . For instance, most of the works aiming to address the H 0 tension consider the tension solved if it drops below the 1.5σ − 2σ level. In this work, my initial aim was to determine what fixed values of w and N eff could bring the tension down to essentially 0σ, which is perhaps rather ambitious! Let me instead be more open and choose 2σ as a threshold for considering the tension solved to a satisfactory extent. Then, from Fig. 2 and Fig. 4 , we see that this can be achieved at the expense of considering models where w ≈ −1.07 or, better still, N eff ≈ 3.5, which are "only" weakly disfavoured with respect to ΛCDM (− ln B ij < 1). The 2σ threshold is of course a subjective threshold, and I have introduced it simply for the sake of argument. The take away message is that even fixing w and N eff to non-standard values which are not strongly disfavoured from the Bayesian evidence point of view is sufficient to lower the H 0 tension to a level where the tension might be considered at least partially addressed.
In fact, let me take one step forward and compare the N ΛCDM model with the extended ΛCDM+N eff model. Of the three extended models, the latter was able to reduce the tension the most (down to the 1.4σ level), while at the same time being least disfavoured from the Bayesian evidence point of view (albeit leading to ln B ij = 4.6 and still being strongly disfavoured with respect to ΛCDM). The question then is: what is the price to pay to construct a N ΛCDM model which fares as well (or better) than ΛCDM+N eff ? In other words, what is the minimum − ln B ij for a N ΛCDM model which reduces the H 0 tension below the 1.4σ level? We immediately read off the answer from Fig. 5 : a minimum − ln B ij of ≈ 1.3, which is obtained by fixing N eff ≈ 3.55, is required to lower the H 0 tension below 1.4σ within the N ΛCDM model. This is somewhat surprising and interesting: we have found a (class of) non-standard models which performs equally well in terms of lowering the statistical significance of the H 0 tension compared to a similar extended model, but is less disfavoured from the Bayesian evidence point of view with respect to ΛCDM (the N ΛCDM model with N eff = 3.55 is "only" definitely disfavoured with − ln B ij = 1.3, as opposed to the ΛCDM+N eff model which is strongly disfavoured with − ln B ij = 4.6).
I can repeat the same exercise for the wCDM model, which as argued earlier faces more difficulties compared to the N ΛCDM model since low-redshift data tends to favour a value for w very close to the standard −1. This makes it really difficult to lower w significantly into the phantom regime without incurring into a very low value of the Bayesian evidence. I address the same question as earlier: what is the minimum − ln B ij for a wCDM model which reduces the H 0 tension below the 1.4σ level? Again, we can read off the answer from Fig. 2 : a minimum − ln B ij of ≈ 4, which is obtained by fixing w ≈ −1.15, is required to lower the H 0 tension below 1.4σ within the wΛCDM model. Again, this is a very surprising result: despite the difficulties, the wCDM model with w = −1.15 and − ln B ij = 4.0 still performs better than the ΛCDM+N eff model (for which, recall, − ln B ij = 4.6) from the Bayesian evidence point of view, while lowering the H 0 tension down to the same level of significance.
What is the take away message from these two exercises? All things being equal (i.e. the H 0 tension being lowered to the same statistical significance, which I took to be 1.4σ in the above example, or 2σ earlier), it is more efficient from the Bayesian evidence point of view to consider models with N eff and w fixed to nonstandard values (for N eff = 3.95 and w = −1.3 I obtained ln B ij = −1.3 and ln B ij = −4.0 respectively, as opposed to ln B ij = −4.6 for ΛCDM+N eff ). In addition, these non-standard models lower the H 0 tension by actually shifting the posterior distribution without broadening it, leading to a somewhat more appealing resolution. On the other hand, when choosing between fixing w or N eff to non-standard values, my analysis reveals that the latter is preferable.
Finally, it is worth remarking that the comparison I have made above is also somewhat penalizing the nonstandard models compared to the extended ones. In fact, when inferring H 0 within the extended models I have also included a prior on H 0 based on the local distance ladder measurement, which of course helps raising H 0 towards the local value. On the other hand, such a prior was not included when inferring H 0 within the non-standard wCDM and N ΛCDM models: including it would only strengthen the conclusion I reached above.
V. CONCLUSIONS
The persisting H 0 tension might be an indication for new physics beyond the concordance ΛCDM model. Most of the solutions considered so far (many of which invoking new physics in the dark sector of the Universe) involve extended cosmological models, i.e. extensions of the baseline ΛCDM model where additional parameters are allowed to vary. Two rather economical solutions in this direction involve either a phantom dark energy component (i.e. a dark energy component with equation of state w satisfying w < −1) or extra relativistic species in the early Universe (i.e. N eff > 3.046). Importantly, in these and several other extended models, the H 0 tension is only partially relieved, partly thanks to a broadening of the H 0 posterior distribution due to marginalization over additional free parameters rather than a genuine shift in the mean of the distribution itself (see e.g. Fig. 10 ).
In this work, I have considered an alternative approach, to the best of my knowledge not explored in the literature. Focusing on the dark energy equation of state w and the effective number of relativistic species N eff , I have asked the following questions: what fixed value of w or N eff is required in order to restore perfect agreement between the high-redshift value of H 0 (inferred from Cosmic Microwave Backround, Baryon Acoustic Oscillation, and Type Ia Supernovae measurements) and the local distance ladder estimate? How much would Bayesian evidence considerations (dis)favour such a model with respect to ΛCDM? How does this approach compare, statistically speaking, to the standard one wherein the additional parameters are allowed to vary instead of being fixed to non-standard values?
I have found (see Fig. 1 and Fig. 4 ) that a perfect match between the high-redshift estimate of H 0 and the local distance ladder measurement (i.e. reducing the tension to essentially 0σ) can be achieved either by fixing w ≈ −1.3 or N eff ≈ 3.95. Both are highly non-standard values for these parameters, and in fact Bayesian evidence considerations strongly disfavour the resulting nonstandard models with respect to the baseline ΛCDM model (ln B ij = −14.9 and ln B ij = −5.5 respectively), see Fig. 2 and Fig. 5 . I have then compared my approach to the more standard case where an attempt to address the H 0 tension is performed by allowing w and/or N eff to freely vary. Such extensions are able to lower the H 0 tension down to the 1.4 − 1.9σ level. However, they too are strongly disfavoured with respect to ΛCDM from Bayesian evidence considerations.
An interesting and somewhat more fair comparison is between extended (w and N eff varying) and non-standard models (w and N eff fixed to non-standard values) which reduce the H 0 tension to the same level of statistical significance (for instance, reducing the tension to the 1.5σ − 2σ level will subjectively be considered by most to be a satisfying enough resolution to the H 0 tension). In this case I have found (see Sec. IV C) that perhaps somewhat surprisingly the non-standard models fare considerably better from the Bayesian evidence point of view. For instance, while the ΛCDM+N eff extension is able to bring the tension down to the 1.4σ level at the expense of a value ln B ij = −4.6 strongly favouring ΛCDM, the tension can be brought down to the same level either by fixing w ≈ −1.15 (which leads to ln B ij = −4.0) or even more efficiently by fixing N eff ≈ 3.55 (which leads to ln B ij = −1.3).
While the examples I have considered are limited, they appear to point to a perhaps unexpected fact: from the statistical point of view the H 0 tension does not seem to favour extensions to ΛCDM (a similar conclusion was already reached, through a different approach, in [248, 249] ), but would rather prefer models where additional parameters are fixed to highly non-standard values. Such a conclusion can be particularly interesting for theorists and model-builders. For instance, a wellmotivated microphysical model making a definite prediction that w = −1.3 or N eff = 3.95 would also predict perfect agreement between the high-redshift and local distance ladder estimates of H 0 . It is worth remarking, however, that neither of the approaches considered in this work has led to a fully satisfying resolution of the H 0 tension. None of the models considered here (be them extended or non-standard) are able to bring the tension below the 1σ level while not being excessively penalized by Bayesian evidence considerations.
One caveat of this work is that I have made use of the 2015 Planck likelihood [14] and compared results to the 2016 local distance ladder measurement of H 0 [6] , whereas the new 2019 legacy Planck likelihood is expected to be released soon and new local distance ladder measurements of H 0 (which have increased the significance of the tension) are available [22] . Nonetheless, in Sec. IV [see particularly Eqs. (11, 12) ] I have provided tools to estimate how much my results would change if one wished to adopt the same approach with a more updated value of H 0 . In particular, I have numerically estimated dimensionless multipliers relating variations in H 0 to variations in w and N eff . These suggest that my earlier results, valid for the H 0 measurement in [6] , would only slightly change when using the more updated measurement in [22] : in particular, one would need w ≈ −1.35 and N eff ≈ 4.1 in order to address the increased tension. I expect however that the earlier considerations comparing the statistical performance of the non-standard models against the corresponding extended models are robust to such changes. It would nonetheless be worth re-examining my approach when the new Planck likelihood becomes available, or to perform forecasts in light of future CMB data, for instance from Simons Observatory [250] .
In conclusion, in this work I have revisited the issue of addressing the H 0 tension by invoking new physics, considering an alternative approach where I fix the new physics parameters to non-standard values, rather than allowing them to vary. While the approach considered has not been able to address the H 0 tension in a statistically satisfactory way, I have demonstrated that from a purely statistical point of view the non-standard models considered fare as well, if not better, than their extended counterparts. The findings reported in this work might also have intriguing repercussions from the modelbuilding perspective.
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